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Introduction
Pressure retarded osmosis (PRO) systems are mass exchangers which are currently receiving great attention for their capabilities to produce renewable power from two streams of different salinities. In a PRO system, the higher salinity solution is called the draw stream and the lower salinity solution is called the feed stream. For power production, seawater and river water are typically used as the draw and feed streams respectively. These streams enter a mass exchanger where a semi-permeable membrane allows water to pass through, but not salts. The difference in osmotic pressure drives pure water (permeate) from the feed stream, through the membrane, and into the pressurized draw stream to dilute it. The pressurized diluted draw stream can be depressurized through a turbine to produce power. In this paper, we investigate the performance of the PRO exchanger relative to the amount of permeate and develop a sizing methodology similar to that commonly used for heat exchangers.
The concept of PRO was first proposed by Loeb [1] . Since then, numerous mathematical models have been developed and experiments implemented to determine the work and permeate flux performance of PRO membranes. Mehta and Loeb [2] were early to recognize the significance of internal concentration polarization, which acts as a resistance to mass transfer inside the support layer of the membrane. Lee et al. [3] more rigorously investigated concentration polarization in PRO membranes and developed equations to determine the maximum power density and flux for zero-dimensional ideal membranes and membranes with internal concentration polarization (ICP conducted to determine the effect of fouling on flux performance [6] [7] [8] and the viability of novel materials for new membranes and hollow fibers [9] [10] [11] . The performance of oneand two-dimensional forward and pressure retarded osmosis exchangers have also been numerically investigated very recently [12] [13] [14] [15] [16] .
The operation of an osmotic mass exchanger looks very similar to that of a heat exchanger when the systems are compared. In the heat exchanger schematic drawing shown in Fig. 1a , the temperature difference between a hot and cold fluid is the driving potential for heat transfer. The resistance to heat flow per unit area is the reciprocal of the overall heat transfer coefficient, U. In the osmotic mass exchanger shown in Fig. 1b , the osmotic pressure difference between a concentrated and a diluted stream, or draw and feed stream, is the driving potential for mass transfer. The resistance to mass transfer per unit membrane area for an ideal membrane is the reciprocal of the water permeability coefficient, A. For PRO systems, the driving potential, and thus the amount of mass transfer, is retarded by the hydraulic pressure difference, P d -P f which is greater than zero and less than the maximum osmotic pressure difference in the exchanger. For FO systems, this hydraulic pressure difference is equal to zero. 5 For heat exchangers, the effectiveness -number of transfer units (ε-NTU) method developed by Kays and London [17] is a well-known design technique that determines the required surface area of a heat exchanger for a fixed effectiveness and inlet conditions. The method uses three dimensionless groups: the effectiveness, which is the ratio of actual heat transfer to the maximum heat exchange possible; a heat capacity ratio, which is the lower heat capacity divided by the higher heat capacity; and the number of transfer units, which is an effective size of the heat exchanger.  The salt rejection is 100% and only pure water flows through the membrane.
 Within the operating salinity range of the PRO exchanger, the osmotic pressure follows van 't Hoff's law so that it is linearly proportional to the stream salinity (see Appendix Section A.1; the constant of proportionality may differ under different operating conditions). 7 
Parallel-flow configuration PRO model
The differential permeate flow rate in a PRO parallel-flow configuration is given by Using van 't Hoff's law for osmotic pressure
where w is the salt concentration or salinity (mass of solutes per total mass of solution) in g/kg and C is a modified van 't Hoff coefficient, it follows that
Under the assumed condition of 100% salt rejection, only pure water permeates though the membrane; hence, the salinity of the permeate is zero. Applying conservation of solutes to the feed stream between the inlet and any arbitrary location along the flow channel yields
1 It is important to note that the water permeability coefficient (A) is often given in units of m/s-bar, or m/satm, or L/m 2 -hr-bar [3, 4] , which is the permeate water volume flux per unit pressure difference; however, for the present model, we express this coefficient on a mass basis (equivalent to multiplying it by the density of pure water and some SI conversion factors).
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For the same arbitrary control volume, conservation of total mass requires that
Substitution of Eq. (5) into Eq. (4) yields
Similarly applying conservation of solutes and total mass on the draw side for a parallel configuration yields
Substituting Eq. (6) and (7) into Eq. (3) yields
We now proceed to cast Eq. (8) in a dimensionless form. Four dimensionless parameters are introduced for this purpose.
Recovery ratio, RR
RR º
The recovery ratio is a primary performance metric of the PRO mass exchanger as it represents the amount of pure water recovered from the feed stream. In so far as the inlet mass flow rate is greater than the maximum amount of permeate that can be recovered, the recovery ratio should not be confused with the effectiveness which will be described in Section 3.
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Mass flow rate ratio, MR
The mass flow rate ratio is the ratio of the mass flow rate of the draw solution to that of the feed solution at the inlet of the PRO mass exchanger.
Osmotic pressure ratio, SR
For the draw side:
For the feed side:
The osmotic pressure ratio is the ratio of the osmotic pressure at the draw or feed inlet to the hydraulic pressure difference. For PRO exchanger operation, SR d will always be greater than SR f .
Mass Transfer Units, MTU

MTU º
The number of mass transfer units (MTU) is a dimensionless parameter for a membrane mass exchanger similar to the number of transfer units (NTU) used in heat exchanger design. The total membrane area, A m , is analogous to the total heat exchanger surface area and A is the overall water permeability coefficient, which is analogous to the overall heat transfer coefficient in heat exchangers. Therefore, the MTU in the membrane-based 10 mass exchanger will play the same role that NTU plays in the -NTU analysis of heat exchangers.
Substituting Eqs. (10 -13) into Eq. (8) yields,
Equation (14) can be integrated as follows:
Equation (15) can be simplified into
where
Therefore the integration of Eq. (16) will be
Therefore, Eq. (19) can be used in the design of a membrane mass exchanger where the required mass transfer units (hence the membrane area) is given as an explicit relation.
An additional dimensionless parameter which may be useful to a designer is the concentration factor. The concentration factor is the ratio of the outlet salinity of a stream 11 to the inlet salinity. If a designer is limited to output brine below a certain salinity from the PRO exchanger, the concentration factor can be useful in determining the maximum MTU allowable. By considering a pure permeate and applying conservation of solution and solutes to the draw and feed streams separately, the expressions for the draw and feed concentration factors can be determined, as given by Eqs. (20) and (21) .
Figures 3 and 4 show the variation of the recovery ratio (RR) and the concentration factor (CF) with the mass transfer units (MTU), respectively, at different mass flow rate ratios for the parallel-flow configuration.
Counterflow configuration PRO model
The transport model Eq. (1) and the van 't Hoff osmotic pressure model Eq. (2) will again be used to describe the permeate flow rate in the counterflow configuration shown in Fig.   2b . The differential permeate flow rate is given by Eq. (3) and the conservation of solution and solute for the feed side between the inlet and any arbitrary location along the flow channel leads to Eq. (6) of the feed salinity. Applying a similar conservation of solution and solute on the draw side for the counterflow configuration in the same arbitrary direction as taken for the feed stream gives a result that differs from that for the parallel-flow configuration (Eq. 7).
Substituting Eqs. (6) and (22) into Eq. (3),
Using the same dimensionless parameters as used for the parallel configuration (i.e. RR, MR, SR f , and MTU), Eq. (23) can be rewritten in a dimensionless form. However, two additional dimensionless parameters are also required; they are defined as follows.
Outlet mass flow rate ratio, MR
Osmotic pressure ratio at draw outlet,
Since we are interested in expressing the recovery ratio (RR) as a function of the inlet flow conditions, we proceed to develop relations between the outlet dimensionless groups defined by Eqs. (24 -25) and the inlet dimensionless groups defined by Eqs. (10 -12) .
The mass flow rate ratio defined in Eq. (10) can be written as a function of the outlet mass flow rate ratio defined by Eq. (24) and the recovery ratio defined by Eq. (9) as follows. 13 Therefore,
Similarly, the osmotic pressure ratio of the outlet draw stream can be written as a function of the osmotic pressure ratio of the inlet draw stream, the mass flow rate ratio, and the recovery ratio as follows.
Using these dimensionless groups, Eq. (23) can be rewritten in a dimensionless form:
This result can be integrated
Equation (30) can be simplified into
Therefore the integration of Eq. (31) will be
Therefore, Eq. (34) combined with Eqs. (27) and (28) can be used in the design of a membrane mass exchanger where the required mass transfer units, effectively the membrane area, is given as an explicit relation of the form
Figures 5 and 6 show the variation of the recovery ratio (RR) and the concentration factor (CF) with the mass transfer units (MTU) respectively at different mass flow rate ratios (MR) for the counterflow configuration. The concentration factors for the feed and draw stream as defined in Eqs. (20) and (21) are applicable to the counterflow configuration as well.
It can be seen by comparing Figs. 3 and 5 that, for each contour of MR, the recovery ratio is higher for the counterflow case than that of parallel-flow case. This is an expected result which is found in PRO literature [11, 12, 15] and is analogous to similar results for heat exchangers.
PRO Mass Exchanger Effectiveness ( -MTU Model)
The effectiveness of the PRO system can be defined as the ratio of the permeate flow rate to the maximum permeate flow rate, which occurs when MTU is increased to infinity.
The effectiveness can also be defined as the recovery ratio divided by the maximum recovery ratio. Note that the maximum permeate flow rate is not the inlet feed flow rate.
The maximum accumulated permeated water occurs when the net driving pressure ( -P) to draw water from the feed stream has decreased to zero at one end of the mass 15 exchanger. The following is a derivation of the maximum permeation flow rate and, hence, the effectiveness of the PRO exchanger.
Parallel-flow PRO Effectiveness
Using Eq. (1), the maximum permeate in the case of parallel flow configuration will occur when the hydraulic pressure difference is equal to the osmotic pressure difference at the outlet.
Using the van 't Hoff model
Applying conservation of solutes and solution on the draw side, one can find that
Similarly on the feed side, one can find that where  and  are given by Eqs. (17) and (18), respectively. We notice from Eqs. (17) and (18) that  is always less than 1 and  is always greater than 1. The recovery ratio must be less than one. Therefore, the maximum recovery ratio is equal to . Figure 7 shows the effectiveness changing with the mass transfer units for varying mass flow rate ratios.
Counterflow PRO Effectiveness
Using Eq. (1), the maximum permeate in the case of counterflow configuration will occur when the hydraulic pressure difference is equal to the osmotic pressure difference at the right side or the left side of the exchanger schematic shown in Fig. 2b . Therefore, there are two conditions at which the driving potential for permeate flow will become zero.
Using the van 't Hoff model and applying conservation of solution and solute this condition will lead to
The other condition will lead to
And
Since there are two solutions for the maximum recovery ratio, we should take the minimum value, hence:
The effectiveness defined by Eq. (42) and the recovery ratio can be written in terms of the effectiveness and maximum recovery ratio as given by the first equality of Eq. (43).
Substituting Eq. (43) into Eq. (34), an expression for MTU as a function of the effectiveness is obtained:
(50) Figure 8 shows the effectiveness changing with the mass transfer units for varying mass flow rate ratios. 18 It should be noted that by varying the modified van 't Hoff coefficient of each stream, the closed-form solutions given in the above sections allow for the two streams entering the PRO exchanger to have different compositions, such as seawater and ammonia-carbon dioxide, sodium chloride and pure water, or flowback water and ammonia-carbon dioxide.
Numerical PRO mass exchanger model
The closed form solutions derived in the previous sections required the assumption that osmotic pressure is a linear function of salinity. While this assumption is valid for relatively dilute solutions, the variation becomes increasingly nonlinear as the mixture salinity increases. In this section, a numerical model of a one-dimensional PRO mass exchanger is developed using a nonlinear function for the osmotic pressure of seawater, [19] whereas the modified van 't Hoff coefficient are given in the Appendix. 19 The numerical model is used to estimate the error in the analytical solutions that results from using a linearized osmotic pressure function (the van 't Hoff equation). All other assumptions made for the analytical model are also made for the numerical model. An additional assumption is that the PRO membranes can withstand arbitrary net driving pressures. Two representative uses of a PRO system are for power production at a river delta [20] and for recovering the chemical energy which exists between the rejected brine of a desalination system and the available seawater [21] [22] [23] . Therefore, two numerical cases are considered: (1) a power production case with seawater and river water, Table 1 . The water permeability coefficient used is representative of a typical spiral wound forward osmosis membrane [24] .
The percent error of the analytical model is given by Eq. (51):
The inlet salinities given in Table 1 are used to calculate the inlet osmotic pressures using the nonlinear osmotic pressure function and the modified van 't Hoff coefficient.
For both cases, the hydraulic pressure difference is set to equal one-half of the maximum osmotic pressure difference. This assumption requires that
To improve the accuracy of the linear case, we use different values of the modified van 't Hoff coefficient to cover ranges of interest. Table 2 lists modified van 't Hoff coefficients for three ranges with the coefficient of determination given in the third column. The first and second 20 value of C from Table 2 will be used in the linear model to compare the two numerical cases.
We first consider the seawater-river water stream combination with a counterflow exchanger configuration. Figure 9 shows the recovery ratio versus mass transfer units for contours of the mass flow rate ratio, MR, and for fixed inlet draw and feed salinities. The inlet salinities are used to calculate the nonlinear and linear osmotic pressure for the draw and feed stream and the hydraulic pressure difference is determined by assuming that Figs. 13 and 14, the maximum error is less than 2% and 5%, respectively. Table 3 summarizes the maximum error incurred for each dimensionless variable and for each case and configuration.
Conclusions
The major conclusions of this paper are as follows: which is the typical range for power production at a river delta with a PRO exchanger.
For salinities between 35 and 70 g/kg, the modified van 't Hoff coefficient is determined to be 76.76 kPa-kg/g which is the typical range for power production using seawater and disposed brine from a seawater desalination plant. For salinities between 70 and 105 g/kg, the modified van 't Hoff coefficient is determined to be 82.65 kPa-kg/g. 
